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Abstract
Contact friction is a key influence factor for the shearing behaviour of granu-
lar media. In the Discrete Element Method (DEM) contact friction is usually
modelled with Coulomb’s law assuming a constant interparticle friction coef-
ficient. From tribology it is known that friction is influenced by several fac-
tors, e.g., temperature, normal stress, surface condition, etc. None of these
influences can be modeled with the constant interparticle friction coefficient
from Coulomb’s law. For a given granular material (particle shape distribu-
tion), the usage of constant interparticle friction in DEM models generally
results in constant bulk friction coefficients in the simulation of direct shear
tests. While this is frequently seen in experiments with equi-sized spheri-
cal particles, papers exist in literature which report a stress dependency of
bulk friction for non-spherical particles of certain materials. In this work,
a stress dependency of bulk friction is obtained by introducing a model for
stress dependent interparticle friction in DEM simulations. For validation
experimental results of direct shear tests conducted on single or paired glass
beads are used. While the bulk friction of paired spheres clearly decreases
with increasing normal stress, it is nearly constant for single spheres. DEM
simulations with the stress dependent interparticle friction are in good ac-
cordance with the experimental results of both single and paired spheres.
A comparison with simulations, using constant interparticle friction, clearly
shows the advantage of the proposed model.
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1. Introduction
In DEM simulations of granular material, the modelling of friction at
particle-particle and particle-environment contacts has a significant influence
on the predicted shear behaviour of the bulk material. In the sense of a
tribological system friction is influenced by several parameters like contact
normal load, relative motion, surface roughness, contact temperature and
contact conditions (dry, wet, lubricated, . . . ), etc.
Regarding the simulation of the mechanical behaviour of solid-like gran-
ular materials, the discrete (distinct) element method (DEM), as introduced
by Cundall and Strack, [1], is a widely used tool. In DEM the force, which
results at each contact, is decomposed in normal and tangential direction,
Fn and Ft. Several models exist for the calculation of both quantities. In
tangential direction, the force, which can be transferred, is bounded. The
commonly used model is Coulomb’s law with a constant interparticle friction
coefficient, µ. For cohesionless materials Coulomb’s law can be written as
follows:
Ft = min
(
µFn, F˜t
)
, (1)
where F˜t is the pre-sliding shear force calculated using the contact constitu-
tive model. Coulomb’s law can also be stated using the internal friction angle,
φ, which is connected to the interparticle friction coefficient by µ = tan(φ).
Frequently used tests for the investigation of the shear behaviour of gran-
ular materials are the triaxial test and the direct shear (or shear box) test.
Usually, the Mohr-Coulomb failure criterion is used which reads as:
τf = tan(Φ)σn + c , (2)
where τf is the final shear stress, Φ is the bulk friction angle and c is a
material parameter representing cohesion of the granular material, i.e., c = 0
for cohesionless materials. The bulk friction angle of a granular material is
an important characteristic for its shear behaviour. Alternatively, the peak
friction angle can be determined, where the maximal shear stress instead of
the final one is used in equation (2).
The bulk friction angle of a granular material depends on the porosity
of the packing as well as on particle properties, e.g., size, shape and surface
2
roughness. Regarding particle roughness several works in literature state a
strong influence of the interparticle friction on the bulk friction angle, e.g., in
[2, 3, 4], direct shear tests were simulated and compared to experiments.
Many papers in the literature state that the bulk/peak friction angle is
constant, i.e., independent of the normal stress. In the opinion of the authors
of this work this has mainly two reasons. One reason is that often equi-sized
spherical particles are considered, where the dependency of the bulk friction
coefficient on the normal stress is usually negligible. The second reason is that
the way of analysing the results can sometimes be misleading. A frequently
found plot is shear stress over normal stress. Here it is very hard to see
deviations from the linear trend. To investigate a stress dependency of the
bulk friction coefficient other representations can be more helpful, e.g., bulk
friction over normal stress or bulk friction over porosity. This point will be
addressed also later on.
Regarding equi-sized spherical particles one example is the work of Cui
and O’Sullivan, [3], who conducted direct shear tests on steel balls. Within
the regime of applied normal stresses (55 kPa - 164 kPa), a linear relation
between the measured shear stress and normal stress was found. This justifies
the application of the Mohr-Coulomb criterion, and the bulk friction angle
can be considered constant.
Ha¨rtl and Ooi carried out direct shear tests on single and paired glass
beads, see [4] and [5]. The applied normal stress ranged from 3 kPa to
24 kPa. For the single glass beads the relation between shear stress and
applied normal stress was nearly linear, thus the bulk friction angle was con-
stant. On the contrary, a clearly non-linear relation between shear stress and
applied normal stress was found for the paired glass beads. This nonlinear-
ity was hardly seen in the plot of shear stress over normal stress. However,
when the bulk friction coefficient over initial porosity was plotted, the stress
dependency of the bulk friction angle was clearly seen.
Indraratna el al. found similar experimental results in [6], regarding a
stress dependency of the bulk friction angle of railway ballast in direct shear
tests. The normal stress was varied between 15 kPa and 75 kPa and a
nonlinear dependency between shear stress and normal stress was shown. In
several citations of works on rock-fill materials, given in this work, a non-
linear relationship is stated, which is significant at low normal stresses and
gradually reduces as the normal stress increases.
This description matches well with the results of Tuzun and Walton, see
[7]. A stress dependent coefficient of friction between smooth silo walls and
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particles was found for small normal stresses. It seems that depending on the
considered material and particle shape, a non-linear relation between shear
stress and normal stress can be observed for low normal stresses.
The above experimental findings on granular materials and results ob-
tained by the authors on the wheel-rail contact for steel, were the motivation
to introduce a non-constant coefficient of friction in DEM simulations. This
aims at an improved prediction of the observed normal stress dependency
of the bulk friction angle. In [8], Suhr and Six, conducted DEM simula-
tions using the contact model with normal stress dependent friction. Direct
shear tests on steel spheres of a given size distribution were considered. Steel
was chosen as material for the spheres, as the experiments for the stress
dependency of the interparticle friction coefficient were given for steel, see
[9]. Although no experimental results on the direct shear tests were avail-
able for a quantitative comparison, the following qualitative behaviour of
the granular material was found. A variation of the constant interparticle
friction coefficient demonstrated a strong dependency of the bulk friction an-
gle on interparticle friction. For a constant interparticle friction coefficient
the resulting bulk friction angle showed no normal stress dependency. When
the non-constant (stress dependent) friction coefficient was used, the stress
dependency of the bulk friction angle could be seen clearly.
In this paper, the contact model with normal stress dependent friction
will be used to investigate the normal stress dependency of the bulk friction
coefficient, as seen from the experiments on glass beads in [4] and [5].
The paper is organised as follows. In Section 2 an overview of the main
experimental findings from the direct shear tests of [4] and [5] will be given.
The third section summarises the used DEM contact model with the stress
dependent friction coefficient. In Section 4 DEM simulations with constant
and stress dependent interparticle friction coefficient will be presented. The
influence of the model parameters will be pointed out and a comparison with
experimental results is shown. Finally conclusions are drawn in Section 5.
2. Jenike Shear Tests – Experimental Results
All experimental results shown here stem from Ha¨rtl and Ooi, [4] and [5].
Only the main findings will be shown, for details the reader is referred to
the original works. A Jenike shear tester with a cylindrical cell of the diam-
eter 143 mm was used. The height of the lower and upper ring was 19 mm
and 24 mm respectively. Both top and bottom plate were roughened with
4
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Figure 1: Shear stress over applied normal stress
of single and paired glass spheres, data taken from
[4].
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Figure 2: Stress dependency in bulk friction,
taken from [5]. Marker types corresponding to
filling of paired spheres; compacted: square, rain-
fall: circle, central: diamond. Colouring of ap-
plied normal stresses: 3.1 kPa: red, 6.4 kPa: blue,
12.5 kPa: magenta, 24.2 kPa: cyan.
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Figure 3: Bulk friction coefficient over applied
normal stress of single and paired glass spheres,
data taken from [4].
Diameter [mm] 6
Density [kg/m3] 2550
Poissons ratio [-] 0.22
Shear modulus [N/m2] 1.67e+10
Friction coefficient (glass-steel) [-] 0.13
Friction coefficient (glass-glass) [-] 0.2
Coefficient of restitution [-] 0.87
Table 1: Material parameters of single glass beads.
grooves as recommended by the standard, [10]. The used glass beads had a
diameter of 6 mm. Their material parameters for single spheres can be found
in Table 1. Paired spheres were made by gluing two spheres together. Three
different filling methods were compared: central filling (filling through a cen-
tral funnel), rainfall (filling through a sieve) and compacted filling (manually
compaction). The filling methods resulted in different initial porosities. Four
different levels of applied normal stress were considered: 3.1 kPa, 6.4 kPa,
12.5 kPa and 24.2 kPa. For single as well as for paired spheres for each fill-
ing method and each level of applied normal stress three repetitions of the
experiment were conducted. The classical plot of shear stress over applied
normal stress is shown in Figure 1. The least square fit through the data is
also presented. In this representation it is hard to notice the normal stress
dependency of the shear stress. This is different in the next Figure 2, where
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the bulk friction is plotted over the initial porosity. This Figure is obtained
by plot digitalisation and thus may contain small inaccuracies. It can be seen
that the single spheres have a lower porosity than the paired spheres. The
filling method has a strong influence on the initial porosity, where the central
filling gives the loosest packings and the compacted filling gives the densest
packings. The lower the initial porosity the higher is the resulting bulk fric-
tion coefficient for both single and paired spheres. The results of the single
spheres show no clear dependency on the normal stress. On the contrary, the
influence of the normal stress on the bulk friction coefficient of the paired
spheres is evident. In Figure 3 the averaged bulk friction coefficient for each
level of normal stress is displayed, for single and paired spheres separately.
In this type of plot it is easier to quantify the extend of stress dependency.
3. Stress Dependent Interparticle Friction in DEM
3.1. Derivation of the Stress Dependent Interparticle Friction Model
In tribology it is known that Coulombs law, with its one constant friction
coefficient, is not sufficient to model frictional contacts under certain con-
ditions. As many experiments show, applied normal stress, sliding velocity,
temperature, surface conditions as well as other factors can severely influence
the observed frictional behavior. A general description of these phenomena
can be found e.g. in [11]. The normal stress dependency of the friction coef-
ficient is reported in the literature for several materials e.g. for aluminum or
polymers, see e.g. [12, 13], and for E-glass fiber reinforced epoxy composites,
see [14]. For the authors of the current paper, the introduction of a pressure
dependent friction coefficient was initially motivated by works on wheel-rail
contact (steel-steel). In [15], Six et al., conducted High Pressure Torsion tests
(HPT). In a HPT test two steel discs are rotated against each other, while
the normal stress, σn, and the shear stress, τ , are measured. In this case
the ratio between τ and σn is the coefficient of friction. It showed that the
assumption of a constant coefficient of friction is not sufficient to reproduce
results observed at the experiments, see Figure 4. From the left plot to the
right plot the maximum normal stress σn is doubled. Assuming a constant
coefficient of friction, then τ
σn
would be constant, thus τ would be doubled.
Comparing the value of τ in the left and right part of Figure 4, it can be
seen that the τ is increased not by a factor 2 but 1.5. Therefore, a significant
dependency of the coefficient of friction on the normal load can be concluded
from the experiments.
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Figure 4: High Pressure Torsion (HPT) tests measurement of normal stress (σn) and shear
stress (τ) over displacement u. Left: σn = 500 MPa. Right: σn = 1000 MPa. Increasing
normal stress reduces ratio τ/σn. Comparison to results from model [15].
In [9], Popov et al., obtained similar results for steel-steel contacts. The
method of Movable Cellular Automata (MCA) was used to model the wheel-
rail contact, and from simulations a normal pressure dependent coefficient of
friction was derived:
µ(σn) = µ0 +
c1
1 + c2 σn
, (3)
where σn is the applied normal stress and µ0, c1, c2 are model parameters
which need to be adapted to the considered material. Popov et al. specified
the parameter values for steel-steel contact, but these values will not be used
here.
It is future work to obtain experimental data on the frictional behaviour
of glass-glass and glass-steel contacts for the determination of the three model
parameters. Measurements of the coefficient of friction over a wide range of
applied normal stresses will be necessary. In literature only experimental
works on glass-glass contacts for few, separate normal stresses can be found.
They indicate a normal stress dependency of the friction coefficient. Another
problem is that measurements of the friction coefficients for sphere-sphere or
sphere-plane contacts, mostly use small spheres. According to Hertz’ contact
law, for small spheres already very small normal loads result in high averaged
normal pressures. Thus, it is difficult to measure the friction coefficient for
small normal pressures, where the model predicts a steep decrease. In [16],
Cavaretta et al., used small and large glass ballotini (1 - 3 mm diameter).
The minimal applied forces resulted in mean normal stresses above 386 MPa
for large ballotini and 663 MPa for small ballotini. The measured friction
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coefficients lied between 0.158 and 0.176. In [17], Proctor et al., used glass
spheres between 3 and 4 mm diameter and stresses lied between 90 MPa and
196 MPa. They reported a scattering in the measured friction coefficient
between 0.087 and 0.176. In the same work, results of Tong, [18], are cited.
Here glass spheres of 3 mm diameter roll over a plane, and the normal force
is caused by gravity. The resulting average stress is as low as 16 MPa, and
considerably higher values of the friction coefficients are measured: 0.267
0.287. When the difficulties in measuring dry glass-glass contacts for spheres
are considered, the overall trend of a decrease in the fiction coefficient with
increasing stress is supported by the experimental results.
In this work, it is assumed that glass-glass and glass-steel contacts gener-
ally show a similar behaviour. Based on this assumption the according model
parameters are searched to reproduce the observed bulk material behaviour.
To avoid an over-parametrized model, only one function is used to average
over glass-glass and glass-steel contact. A parameter study will be carried
out, to investigate the influence of the parameters on the model output.
3.2. Formulation of the DEM Contact Model with Stress Dependent Friction
In the DEM simulation the simplified Hertz Mindlin contact model with-
out miscroslip and with damping as described by Tsuji et al., [19], and An-
typov et al., [20], will be used.
In normal direction of the contact the Hertz model is applied. Introducing
the the equivalent Young modulus of the contact, Eˆ, the equivalent contact
radius, Rˆ, and the overlap in normal direction, un , the normal force is given
as:
Fn =
4
3
Eˆ
√
Rˆ
√
u3n . (4)
The averaged normal pressure on a contact, σ¯n can be calculated by dividing
the contact force by the contact area. In the Hertzian contact model the area
of contact is circular (sphere-sphere contact), and the contact radius is given
by a =
(
3FnRˆ
4Eˆ
) 1
3
. Then, it follows that
σ¯n :=
Fn
a2pi
=
Fn
pi
(
4Eˆ
3FnRˆ
) 2
3
. (5)
In the tangential direction of the contact the Mindlin model without microslip
is applied. In time step k the trial or pre-sliding shear force is denoted by
F kt,t and is calculated incrementally using the last time step’s value, F
k−1
t :
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F kt,t = F
k−1
t + ∆Ft,t ∆Ft,t = 8 a Gˆ∆us , (6)
where Gˆ is the equivalent shear modulus and ∆us the increment of the shear
displacement. For brevity the index of the time step will be dropped from
now on. Using the constant coefficient of friction, the shear force is given by:
Ft =
{
Ft,t if Ft,t ≤ µFn
µFn otherwise
. (7)
For the use of the pressure dependent friction coefficient, we now change
Equation (7) to:
Ft =
{
Ft,t if Ft,t ≤ µ(σ¯n)Fn
µ(σ¯n)Fn otherwise
, (8)
where σ¯n is given by Equation (5) and µ(σ¯n) by Equation (3).
After the computation of normal and tangential force the damping is
applied as described by Tsuji et al., [19], and Antypov and Elliott, [20].
The coefficient of restitution is assumed to be the same in normal and in
tangential direction and is denoted with . Then, the dissipative forces in
normal and tangential direction are given by:
F ndis =ηnu˙n F
t
dis =ηtu˙s (9a)
ηn =α()
√
mˆKu
1
4
n ηt =ηn (9b)
α() =−
√
5
ln()√
ln2() + pi2
K =
4
3
Eˆ
√
Rˆ , (9c)
where mˆ is the equivalent mass.Thus, the contact force in normal direction
is computed as follows:
Fn =
4
3
Eˆ
√
Rˆ
√
u3n + F
n
dis , (10)
while in tangential direction, using the constant coefficient of friction, it
holds:
Ft =
{
Ft,t + F
t
dis if Ft,t < µFn
µFn otherwise
. (11)
As suggested by Cundall and Strack, [1], damping in tangential direction is
only applied, if the elastic part, Ft,t, is smaller than µFn. For the pressure
dependent friction coefficient, Equation (8) is modified analogously.
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Figure 5: DEM model of Jenike shear cell filled with single spheres.
4. DEM Simulations of the Jenike Shear Tests
4.1. General Simulation Setup
The DEM simulations presented in this work are carried out with the
Open-source software Yade, [21]. In this software the soft contact approach
is used together with explicit discretization in time. The simplified Hertz-
Mindlin no-slip contact model with damping in its classical form as given
in Equations (10, 11) or its modification with stress dependent interparticle
friction will be used.
The setup of a Jenike shear cell is modeled in the original size. The
grooves on the top and bottom plates are neglected for simplicity. The model
of the shear cell in its initial position with a 3 mm offset in lateral direction
(according to the stardard for Jenike shear testing, [10]) is shown in Figure 5.
The material parameters for the single glass spheres are given in Table 1. The
paired spheres are modeled as rigid clumps of two spheres with an aspect ratio
of two (i.e., no overlap between the spheres).
For sample generation 5000 single spheres or 2500 clumps of paired spheres
are randomly placed in a box above the shear cell. Then the particles fall
under the influence of gravity and are allowed to come to rest in the shear
cell. To achieve a dense packing the friction coefficient is set to 0.05 in this
initial phase of the simulation. Also, the gravity is enlarged by the factor
5. Differences between control samples, which settled under normal gravity,
and samples, which settled under increased gravity, were negligible. When
the particles are at rest, all particles which are not completely inside the
upper ring are removed. Typical samples of single spheres consisted of 3400
particles and samples of paired spheres consisted of 1630 clumps. A steel
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plate is inserted above the particles, the friction coefficient and gravity are
set to their original values. Now the normal load is applied on the sample
using a servo control mechanism (P-control). After the specified normal load
is reached and the packing is at rest, the shearing phase starts by imposing
a velocity on the lower ring. Variations of the shear velocity showed that
shearing with 10 mms yielded results, which can be considered quasi-static,
i.e., a lower shearing rate yielded the same result. The shearing force is cal-
culated as the sum of the forces on all walls and the bottom plate of the
lower ring in direction of the shearing. From the conducted simulations the
final shear stress is calculated as the median of the last hundred readings
of the shear stress (over a shear path of 2 mm). Here, the median instead
of the mean value is chosen due to its insensitivity with respect to outliers.
The bulk friction coefficient is then calculated as final shear force divided by
normal stress.
4.2. Usage of constant interparticle friction coefficients
In a first step, simulations with single spheres, as well as with paired
spheres, will be carried out using a constant interparticle friction coefficient.
Six different samples are generated to take into account the influence of small
changes in initial settings on the results. In Figure 6, the results for single
spheres are shown using µ = 0.2. For all four applied normal stresses and
all six initial settings the resulting shear stress is plotted over the shear
path. The experimental results for a sample generated with the rainfall fill-
ing method is obtained from [4] by plot digitalisation and thus may contain
small inaccuracies. The simulations are in good accordance with the experi-
mental results, with exception of the initial slope. It is not unusual that the
shearing response observed in DEM simulations is stiffer than the one seen in
experiments, compare [4] and references within. The numerical scatter in the
results is of same order as reported by Ha¨rtl and Ooi, [4], i.e., the coefficient
of variation (CoV), which is defined as the standard deviation divided by the
mean value, is below 8%.
The same computations are conducted for the paired spheres. In Figure 7,
the shear stress over the shear path is plotted for simulations (µ = 0.2) and
experimental results for compacted filling. The experimental results were
obtained from [5] by plot digitalisation. Shear force plots for other filling
methods, which would correspond better to the DEM sample’s porosities,
were not given and can thus not be used for comparison. From the simulation
data, small spikes in the plot can be seen. Most of these spikes are caused by
12
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Figure 6: Single spheres: Comparison of simu-
lated shear stress (µ = 0.2) with experimental re-
sults of rainfall filling method (exp. results taken
from [4]).
a sudden drop in the number of contacts in the sample but sometimes they
are caused also by problems of the control strategy for the application of the
normal stress. While for the simulation of single spheres the normal stress
could be controlled with a maximal error of 1.5%, in simulations of paired
spheres deviations of up to 8% were observed in two cases. A variation of the
parameters in the control strategy showed that the influence of this problem
on the obtained bulk friction coefficient is negligible. In general the simulated
bulk friction coefficients are too high compared to the experimental results.
Figure 8 shows the porosity over the shear path for simulations of both
single and paired spheres. For single spheres the initial porosities of the
generated specimen varied between 0.415 and 0.419 and were thus slightly
higher than the porosity of the experimental samples. The effect of looser
DEM samples, compared to lab samples, was also observed by Ha¨rtl and
Ooi, [4], as well as other researchers. During shearing there was compaction
for the first 1 mm followed by nearly linear dilation. For paired spheres
the initial porosities ranged from 0.436 to 0.448, thus the porosities of the
generated DEM samples where in between those of the rainfall and central
filling method. The compaction-dilation behaviour of the paired spheres is
similar to that of single spheres.
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ulated shear stress (µ = 0.2) with experimental
results of compacted filling method (exp. results
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Figure 10: Paired spheres: Influence of (const.)
interparticle friction on bulk friction in compari-
son to experimental results.
In Figures 9 and 10 the bulk friction, τf/σn, is plotted over the applied
normal stress for single and paired spheres respectively. Simulation results
for µ = 0.2, as well as µ = 0.15, are shown, where the solid lines are the
median of all six curves and the minimum/maximum values are plotted using
dashed lines (µ = 0.15) or dotted lines (µ = 0.2). For the single spheres the
simulation results belonging to µ = 0.2 lie between the experimental results
of compacted/rainfall and central filling. The results for µ = 0.15 lie below
the experimental results. If the values for the lowest stress level are excluded,
both experimental and simulation results are nearly constant. As the stress
dependency of the bulk friction coefficient is very small for single spheres,
the usage of a constant µ yields good results. For paired spheres it can be
noted that the simulated bulk friction obtained with µ = 0.2 is too high
compared to the experimental results. For µ = 0.15 the results are between
the experimental ones of compacted and rainfall filling method. Deviations
to the experimental values are seen, because no dependency on the applied
normal stress is present.
From these results it can be concluded that in DEM simulations with a
constant interparticle friction coefficient it is not possible to obtain a stress
dependency. Thus, the decay of the bulk friction with increasing normal
stress, which is seen in the experimental data for paired spheres, can not
be reproduced. Ha¨rtl and Ooi, [5], also conducted DEM simulations and
observed the same effect of a constant bulk friction coefficient for both sin-
16
p1 p2 p3 p4 p5 p6 p7
µ0 [-] 0.005 0.1 0.05 0.05 0.0 0.05 0.05
c1 [-] 1.3 1.3 0.65 1.3 1.3 2.6 1.3
c2 [-] 7.64e-8 7.64e-8 7.64e-8 1.53e-7 7.64e-8 7.64e-8 3.82e-8
Table 2: Parameter sets to be compared for the stress dependent friction model.
gle and paired spheres. Possible explanations for them were a too simplistic
contact model, missing deviations of surface roughness or sphericity or the
modelling of the tester via rigid frictional bounds. The authors of this study
assume, that the observed normal stress dependency of the bulk friction co-
efficient is caused by tribological effects. Thus, a more tribological tangential
contact law is implemented in DEM.
4.3. Stress dependent interparticle friction – a parameter study
To obtain a stress dependency in the bulk friction of the granular material,
the contact model with pressure dependent interparticle friction will be used,
as defined in (3). As already mentioned no measurement data for glass-
glass contact is available for the calibration of the model. Therefore, in this
subsection the influence of the three model parameters, µ0, c1, c2 , on the
calculated bulk friction will be investigated.
Regarding the influence of the model parameters on the interparticle fric-
tion, it is worth noting that the function is bounded:
upper bound: µ(0) = µ0 + c1 (12a)
lower bound: lim
σ¯n→∞
µ(σ¯n) = µ0 (12b)
In the following, one point in the parameter space is chosen as central point,
p1, and for each of the three parameters one lower and one higher value
will be considered. The resulting seven sets of parameters, p1, . . . , p7, are
listed in Table 2, and the corresponding graphs of the model are plotted in
Figure 11. Obviously, a variation of the parameter µ0 causes a vertical shift
of the graph, compare the curves of p1, p2 and p5 in Figure 11. For higher
stresses the graphs become nearly linear. The parameters c1 and c2 influence
the slope of these lines, as well as range of stresses, where linear behaviour
is a good approximation of the graphs.
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Figure 11: Influence of parameters within stress
dependent friction model (3).
0 5 10 15 20 25
normal stress ¾n  [kPa]
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
 bu
lk 
fric
tio
n ¿
=¾
n
 [-]
inc
rea
sin
g ¹
0
p1 : centre
p2 : ¹0  high
p5 : ¹0  low
Figure 12: Single spheres: Influence of param-
eter µ0 in stress dependent interparticle friction
on bulk friction.
18
0 5 10 15 20 25
normal stress ¾n  [kPa]
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
 bu
lk 
fric
tio
n ¿
=¾
n
 [-]
    
    
 in
cre
asi
ng
 ¹ 0
    
    
 
p1 : centre
p2 : ¹0  high
p5 : ¹0  low
Figure 13: Paired spheres: Influence of parame-
ter µ0 in stress dependent interparticle friction on
bulk friction.
Simulations with the seven sets of parameters were conducted for single
spheres as well as for paired spheres. At first, a change of parameter µ0 is
considered (p1, p2, p5). The corresponding results are presented in Figures 12
and 13, where the bulk friction over the normal stress is plotted. Only the
median of all six conducted simulations is shown. It can be seen that with
increasing µ0 the bulk friction coefficient curves shifts upwards, while nearly
no changes in the slope of the curve occur. Both single and paired spheres
show the same effect. However, its extent is much bigger for paired spheres
than for single spheres. Next, changes in parameters c1 (p3, p6) and c2 (p4, p7)
are investigated. The results of the simulations are plotted in Figures 14 and
15. When parameter c1 increases, the bulk friction coefficient curve shifts
upwards, and a growth of its slope can be observed. Again, these effects
are equal for single and paired spheres, while they are more apparent with
paired spheres. A variation of parameter c2 shows the inverse effect, thus the
described behaviour can be seen for decreasing c2. When comparing p3 with
p4 or p6 with p7, nearly no differences in the bulk friction coefficient curves can
be seen. The corresponding graphs of the stress dependent internal friction
were almost identical for stresses above 200 MPa, see Figure 11. Thus, it can
be concluded that contacts with small stresses barely contribute to the overall
behaviour of the granular material. Of course in all these considerations
only the median of six simulations were used, so that the behaviour of single
simulation runs may deviate.
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c1, c2 in stress dependent interparticle friction on
bulk friction.
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ters c1, c2 in stress dependent interparticle friction
on bulk friction.
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In general, it can be said that the effect that the parameters have on
the interparticle friction coefficient curve is similar to their effect on the
resulting bulk friction coefficient curve. In the considered case it is sufficient
to keep either c1 or c2 as a parameter in the model, while the other can
be set constant. From now on, only µ0 and c1 are considered further for a
calibration.
4.4. Stress dependent interparticle friction – parameter fitting
The knowledge of the influence of both model parameters makes it now
possible to calibrate the model and compare its results to the experimental
data. Of course, there exist different methods which could be used for the
calibration, e.g., numerical optimisation or linear regression models used on
basis of Design or Experiments (DoE).
In this work, a simpler approach is chosen. Simulations conducted with
the central point in the parameter study, p1, already roughly showed the
wanted behaviour. This parameter set was initially obtained by a small
number of ‘try and error’ simulation runs. Starting from this good initial
guess for the parameter set, a calibration of parameter c1 will be used to
achieve a slope similar to the experimental data. Then parameter µ0 will be
adapted to shift the curve vertically in the right position.
For this approach, the data for paired spheres will be used, and the ex-
perimental data for the rainfall filling is considered. For the calibration no
additional simulation runs are conducted, but the data from the parameter
study will be used. When the values for the lowest normal stress level are ex-
cluded, the median of the resulting bulk friction coefficient curves is roughly
linear. For each data set a line is fitted though the bulk friction values using
the least squares approach. In this way, the data on the slope of the lines
and their intercepts are obtained. At first, parameter c1 is estimated using
parameter sets p1, p3 and p6. A linear interpolation between the slopes of the
fitted lines is used to match the slope of the experimental data. Now, when
c1 is fixed,the resulting change in height is estimated, using another linear
interpolation between the intercepts of those lines. An analog procedure is
used for parameter µ0 (using parameter sets p1, p2 and p5) to shift the curve
vertically in the right position. The obtained parameter set is µ0 = 0.081 and
c1 = 0.841 while c2 = 7.63e − 8 was considered constant. For an arbitrary
starting point of the calibration, the described approach is surely too simple.
In the current situation with a given good starting point for the parameters,
the results turned out to be satisfying.
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Figure 16: Single spheres: Comparison of simula-
tion results for constant and pressure dependent
interparticle friction (µ pdf) with experiments.
4.5. Stress dependent interparticle friction – comparison with experiments
Simulations for single and paired spheres are conducted using the ob-
tained parameter set. In Figures 16, and 17 the obtained bulk friction co-
efficient over the normal stress is plotted for the simulations with constant
interparticle friction (µ = 0.15, µ = 0.2), pressure dependent interparticle
friction (µ = pdf) and experimental results. Again, the median of all six
curves and the minimum/maximum values are plotted using dashed lines.
For single spheres the best approximation of the experimental data is ob-
tained with µ = 0.2, while the results for µ = 0.15 and stress dependent
simulations are slightly lower than the experiments. The stress dependency
of the bulk friction coefficient is negligible both for experiments and simula-
tions. As described before, for paired spheres the simulations with constant
interparticle friction give a bad approximation of experimental data. Of the
two approximations, the simulations with µ = 0.15 agree better with the ex-
perimental data. Therefore, the results with µ = 0.2 will not be considered
further. The simulations with stress dependent interparticle friction agree
well with the experiments. The slope of the median curve fits to the rainfall
data, which was used for model calibration. Thus, the stress dependency of
the bulk friction seen in the experiments can be reproduced using a stress
dependent interparticle friction.
For a second comparison the simulation results are plotted together with
the experimental results as bulk friction over initial porosity, in Figure 18
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Figure 17: Paired spheres: Comparison of simulation results for constant (left) and pressure
dependent interparticle friction, µ pdf, (right) with experiments.
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Figure 18: Comparison of experimental and simu-
lation results using µ = 0.15. Marker types corre-
sponding to filling of paired spheres; compacted:
square, rainfall: circle, central: diamond, simula-
tion paired: triangle. Colouring of applied normal
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lation results using stress dependent interparticle
friction. Marker types corresponding to filling of
paired spheres; compacted: square, rainfall: cir-
cle, central: diamond, simulation paired: star.
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for µ = 0.15 and in Figure 19 for stress dependent interparticle friction. For
single spheres the simulation results for µ = 0.15 and pressure dependent
µ = are not too different. Only the bulk friction values for the lowest level of
normal stress are higher with stress dependent interparticle friction. Consid-
ering paired spheres, in Figure 18 it can be seen clearly that the simulations
with µ = 0.15 show no stress dependency in the results. The obtained bulk
friction values for σn = 6.4, 12.2, 24.4 kPa are scattered between 0.6 and 0.7
in no order. On the contrary, in Figure 19, the usage of stress dependent
interparticle friction leads to a decay of bulk friction with increasing nor-
mal stress. Although some scatter is present, in experimental as well as in
simulation results, the prediction quality of the simulation is considerably
improved compared to the usage of constant µ.
4.6. Stress dependent interparticle friction – further model analysis
To gain a deeper understanding of the effect of the proposed model on
the simulated material behaviour, detailed plots are provided. The shear
stress, porosity, number of contacts and normalised mobilised friction over
the shear path for both µ = 0.15 and pressure dependent µ are shown for
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single (Figure 20) and paired spheres (Figure 21). The normalised mobilized
friction is defined as
mf =
1
Nc
Nc∑
k=1
F kt
F knµ
. (13)
Normalisation takes place via the devision by µ. Thus, its values lie between
0 and 1 (instead of 0 and µ). This makes it applicable also for the model
with stress dependent µ. In both Figures the shear stress versus shear path
is plotted for single and for paired spheres. Simulation (as well as experi-
mental) results do not show the classical shear path - shear stress relation
of dense packings, including a peak shear stress followed by a reduction be-
fore the final value is reached. Nevertheless, for simulations with constant
µ the obtained packings must be rather dense, as the effect of normal load
on porosity is rather small. Also, the level of applied normal load has only
little influence on the number of contacts and the mobilized friction. The be-
haviour seen from simulations with pressure dependent µ is different, though.
The different levels of applied normal load directly change the distribution
of interparticle friction values. Therefore, a stronger influence of the applied
normal load on the initial porosity as well as on the dilation behaviour is
observed. The change in initial porosity of the sample is naturally accompa-
nied with a change in the overall number of contacts and also the mobilised
friction changes slightly. From both Figures 20 and 21, it can be seen that
the pressure dependency of µ causes severe changes in the key properties of
the packing.
For an investigation of the distribution of normal forces and interpar-
ticle friction for particle-particle contacts, the final state of a simulation
with paired spheres and σn = 24.2 kPa is considered. For the presentation
in Figure 22 the normal forces are sorted ascendantly and then divided in
four equally sized groups (between the quartiles F25, F50, F75, F100). For each
group, a histogram of the normal force is drawn in the upper part of the
Figure. In the lower part the histograms of the µ values belonging to each
group are displayed. It can be seen that 25% of all contacts transfer nearly
no normal force. With growing magnitude of the normal force, its occur-
rence decays fast. The maximal observed force is about 16 N. The lowest
normal forces result in the highest values of interparticle friction, where the
upper bound of the interparticle friction is given by µ0 + c1 = 0.922. In the
considered settings all spheres are of equal size and material, therefore the
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Figure 20: Single spheres: shear stress, porosity, number of contacts and normalised
mobilised friction over shear path for simulations with µ = 0.15 and µ pdf.
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Figure 21: Paired spheres: shear stress, porosity, number of contacts and normalised
mobilised friction over shear path for simulations with µ = 0.15 and µ pdf.
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Figure 22: Upper plot: Histograms of nor-
mal forces, Fn, sorted ascendantly, divided
into four equally sized groups. Lower plot:
Histograms of corresponding µ values.
equivalent contact radius and equivalent Young modulus are the same for all
contacts. Thus, an increase in normal force results directly in a decrease of
interparticle friction. The lowest value for µ observed in this simulation is
0.1.
5. Conclusions
This work deals with the stress dependency of the interparticle friction
coefficient and the resulting stress dependency in bulk friction. In [4] and [5],
Ha¨rtl and Ooi, conducted direct shear tests with single or paired glass beads.
For single spheres, the bulk friction was nearly constant, as it is frequently
reported in literature. For paired spheres, a stress dependency in the bulk
friction was observed, i.e., with increasing applied normal stress the bulk
friction decreased. DEM simulation of the shear tests using Coulomb’s law
with a constant coefficient of friction for interparticle contacts, representing
the state of the art, were conducted in [4] and [5] as well as in the current
work. It turned out that neither for simulations with single spheres nor in
simulations with paired sphere a stress dependency in the bulk friction could
be seen. While the obtained DEM results are in good accordance with the
experimental data for single spheres, the DEM results for paired spheres lack
the stress dependence and are thus do not match experimental results.
In tribology, it is known that the friction coefficient in a contact is not
constant, as it is assumed in Coulomb’s law, but depends on several fac-
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tors, such as contact normal load, relative motion, surface roughness, con-
tact temperature and contact conditions (dry, wet, lubricated, . . . ), etc. It is
assumed by the authors that the observed normal stress dependency of the
bulk friction coefficient is caused by such tribological effects. Thus, a more
tribological tangential contact law is implemented in DEM, where the inter-
particle friction depends on the current normal stress in the contact. This
approach aims at the improvement of the prediction quality with respect to
the observed normal stress dependency of the bulk friction coefficient. The
proposed model is supported by measurements from literature, where qual-
itatively a decay of interparticle friction coefficient with increasing normal
stress is found for several materials. As it is future work, to obtain detailed
measurement data of interparticle friction of glass over the complete range of
normal stresses, for now the stress dependency is derived from measurements
of the bulk behaviour. Therefore, at first a parameter study is conducted fol-
lowed by the calibration using experimental data. It turns out that only two
of the three parameters need to be calibrated while one can be set constant.
The simulation results, obtained with the stress dependent model, are then
compared to those, obtained with constant interparticle friction, and the ex-
perimental results. The effect of the proposed model is qualitatively similar
in simulations for single spheres as well as for paired spheres. Quantitatively,
the magnitude of the stress dependency in the bulk behaviour is different for
both particle shapes. For single spheres, both the constant and the stress
dependent results agree well with the measurements, where the stress depen-
dent results tend to give a bulk friction, which is slightly too low. For the
paired spheres the constant interparticle friction give poor results, while the
stress dependent model shows good accordance. With these findings it can
be concluded that the stress dependency of bulk friction coefficient, observed
in the experiments, can be explained with a stress dependent interparticle
friction model.
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